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WOBBLY AND SHAKY BUNDLES
AND RESOLUTIONS OF RATIONAL MAPS
ANA PEO´N-NIETO
Abstract. Let X be a smooth complex projective curve of genus g ≥ 2. In
this article, we prove that a stable tame parabolic vector bundle E on X is very
stable, i.e. E has no non-zero nilpotent Higgs field preserving the parabolic
structure, if and only if the restriction of the Hitchin map to the space of
parabolic Higgs fields with nilpotent residue is a proper map. The same result
holds in the setup of strongly parabolic Higgs bundles. Both results follow from
[Z, Lemma 1.3], once the image of the Hitchin map restricted to suitable leaves
has been proven to be affine of the right dimension. This characterisation of
wobbliness proves the equivalence between this notion and shakiness. We use
this and the techniques in [PaPe] to prove that shaky bundles are the image of
the exceptional divisor of a suitable resolution of a certain rational map when
the moduli space is smooth. As corollaries to the aforementioned results, we
obtain equivalent ones for the moduli space of vector bundles.
1. Introduction
Let X be a smooth complex projective curve of genus g ≥ 2 and let K be its
canonical bundle. Consider the moduli spaces N(n, d) of vector bundles of rank n
and degree d, and M(n, d) of Higgs bundles with the same invariants. These are
schemes parametrising vector bundles (resp. Higgs bundles, namely pairs (E,ϕ)
where E is a vector bundle and ϕ ∈ H0(X,End(E)⊗K) is the Higgs field) of fixed
rank and degree. This article is concerned with two loci in N(n, d): the wobbly and
the shaky loci. Wobbly bundles are stable bundles in N(n, d) admitting non-zero
nilpotent Higgs fields. The name wobbly first appeared in [DP1], but the interest in
these objects (or their complement, very stable bundles) dates back to the works of
Drinfeld and Laumon from the 80’s [Dr, L]. Their study has recently experienced a
new impulse, partially motivated by their role in the programme by Donagi–Pantev
to prove the geometric Langlands correspondence from the abelianisation of Higgs
bundles [DP1, DP2]. Examples of this are [PaPe, Z], where a criterion for very
stability is proven, and [PPa], that proves pure codimensionality of the wobbly
locus in rank two, as conjectured by Drinfeld [L, Remark 3.6.ii]. The definition
of a shaky bundle is more involved. To understand it, note that T ∗Ns(n, d) ⊂
M(n, d), where Ns(n, d) denotes the stable locus, is a dense open set. This defines
a surjective rational map r : M(n, d) //❴❴❴ N(n, d), defined beyond the locus of
semistable Higgs bundles whose underlying bundle is unstable. Shaky bundles are
stable bundles in N(n, d) over which the Hitchin map is not proper.
The equality of the shaky and wobbly loci was conjectured in [DP1], where they
announce the rank two case, as well as the possibility to understand shaky loci
in terms of the exceptional divisor of a suitable resolution of the rational map r.
Donagi–Pantev observe in loc. cit. that the restriction of r to generic Hitchin fibers
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can be resolved, and the image of the exceptional divisor (a priori dependant on
the fiber and the resolution) should be the shaky locus. In [DP2], they work out
the case of tame nilpotent rank two parabolic Higgs bundles on the projective line
minus five points, where equality indeed holds.
In [PaPe], Pauly and the author proved the equality of the wobbly and shaky
loci in the case of vector bundles. Zelaci [Z] generalised it to principal bundles in
an elegant way via a general theorem in commutative algebra. The advantage of
the latter approach is that is allows for a more straightforward extension to other
contexts (parabolic bundles, bundles with level structures, etc). The former in turn,
gives a geometric construction that offers a strategy to see shaky bundles in terms
of exceptional divisors of a resolution of r.
In this article we extend [PaPe, Z] to the parabolic bundle setup. Using the
results in both these articles, and most crucially [Z, Lemma 1.3], we prove the
equality of the wobbly and the shaky locus. It next follows from the techniques
developed in [PaPe] that in the smooth moduli space case, the shaky locus can in
fact be characterised in terms of a resolution of r.
Structure of the paper and summary of results. Let D ⊂ X be a reduced
divisor, let P := {Px : x ∈ D} be a set of conjugacy classes of parabolic subgroups
of GL(n,C) indexed by D, identified with partitions {nx = (nx,1, . . . , nx,rx), x ∈ D}
of the rank. A quasi-parabolic vector bundle of rank n and flag type P is a pair
E = (E, σ) where E is a rank n vector bundle and σ : E|D −→
∏
x∈D GL(n,C)/Px
is a reduction of the structure group to the given parabolic subgroup at each point
of D. Equivalently, we may identify σ with a set of flags {Ex,0 = 0 ⊆ Ex,1 ( · · · (
Ex,rx = Ex}x∈D. Let αx = (αx,1, . . . , αx,rx) be an increasing rx-uple of negative
real numbers. The assignment of the weights αx,i to the steps Ex,i of the flag defines
a parabolic structure on the quasi-parabolic bundle E . A parabolic Higgs bundle is a
pair (E , ϕ) where E is a parabolic vector bundle and ϕ ∈ H0(X,ParEnd(E)⊗K(D)),
with ParEnd(E) ⊂ End(E) the subsheaf of endomorphism of E preserving the flags
at the prescribed points.
We may define a stability notion for each α as above, yielding moduli spaces
of parabolic bundles N(P , α) and parabolic Higgs bundles M(P , α). The latter
is Poisson with symplectic leaves given by Higgs fields whose associated graded
endomorphism has fixed orbits at the residues. Particularly important are the
strongly parabolic leaf (corresponding to the zero orbit), and the regular leaves
(which are generic). Strongly parabolic Higgs bundles have Higgs fields belonging
to the subsheaf SParEnd(E) ⊂ ParEnd(E) of strongly parabolic endomorphisms.
Consider the Hitchin fibration
hP,α : M(P , α) −→ HD =
n⊕
i=1
H0(X,Ki(iD)),
defined by associating to a parabolic Higgs bundle (E , ϕ) the coefficients of the
characteristic polynomial of ϕ. If E is a stable parabolic vector bundle of type
(P , α), there is an embedding of H0(X,ParEnd(E)⊗K(D)) into the moduli space
M(P , α). Motivated by [PaPe, Z], we consider the restriction hE,st (respectively
hE,nilp) of the Hitchin map to the vector space VE,st = H
0(X, SParEnd(E)⊗K(D))
of strongly parabolic Higgs fields (resp. VE,nilp = H
0(X,ParEnd(E)⊗K(D))nilp, of
Higgs fields with nilpotent residue along the flag). If E is stable, this corresponds to
the intersection of H0(X,ParEnd(E)⊗K(D)) with the strongly parabolic symplectic
leaf (resp., the closure of the regular nilpotent symplectic leaf). These and other
notions are explained in Section 2.
In Section 3 we define the notion of a strongly very stable parabolic bundle (re-
spectively, very stable), that is, a parabolic bundle admitting no non-zero strongly
3parabolic Higgs field (resp. no nilpotent parabolic Higgs field). Paralleling the case
of vector bundles, we find:
Proposition (Propositions 3.7 and 3.13). Let E be a stable parabolic bundle, and
let hE,nilp (hE,st) be the restriction of the Hitchin map to VE,nilp (resp. VE,st).
Then,
E is (strongly) very stable ⇐⇒ hE,nilp (hE,st) is finite
⇐⇒ hE,nilp (hE,st) is quasi-finite
⇐⇒ hE,nilp (hE,st) is proper
⇐⇒ VE,nilp (VE,st) →֒ M(P , α) is proper.
It is worth noting that finiteness follows from very stability as a corollary of [Z,
Lemma 1.3]. Moreover, in the case of nilpotent Higgs fields, properness of hE,nilp
is equivalent to properness of hE := hP,α|VE (cf. Proposition 3.13).
An immediate corollary is the fact that if E is strongly very stable, then VE,st is
a Lagrangian multisection of the restriction hP,α,st of the Hitchin map (Corollary
3.8) to the strongly parabolic leaf. This was remarked in the usual setup in [FGOP,
Corollary 7.3]. A similar result holds for hE,nilp, except that in that case it will
be Lagrangian for a symplectic leaf possibly of lower dimension than the regular
nilpotent (Corollary 3.14).
Section 3.3 explains the relation between wobbliness and shakiness. From Propo-
sitions 3.7 and 3.13 we find the following:
Corollary (Corollary 3.17). There is an equality between the wobbly locus and the
shaky locus. The same holds for the strongly wobbly and the strongly shaky loci.
In the vector bundle setup, shakiness of wobbly bundles has been known since
[L, BNR], and follows from similar arguments to those of [BNR, §4.1]. The proof
of this fact can be adapted to the parabolic setup, with a bit of extra work for
nilpotent parabolic Higgs bundles given the existence of different leaves and images
of the Hitchin map, which is the new contribution of Proposition 3.13.
Section 4 addresses the identification of shaky bundles with the image of the
exceptional divisor under a resolution of r obtained by blowup along the locus
Un of stable parabolic Higgs bundles with underlying unstable parabolic bundle
when the moduli space is regular. Let rˆ be such a resolution, and let Ex be the
exceptional divisor, and let Sh = rˆ(Ex). By construction, rˆ restricted to M(P , α)nilp
and M(P , α)st is again a succession of blowups, and we denote by Shnilp and Shst
the images of the exceptional divisors. Then:
Theorem (Theorem 4.5). There is an equality Wo = Shnilp = Sh, where Wo ⊂
N(P , α) denotes the wobbly locus.
Similarly, the strong wobbly locus Wost satisfies Wost = Shst.
This was proven in [DP2] for parabolic bundles on the projective line minus five
points. In fact, these auhtors work on the non smooth case, so shakiness is defined
with respect to a specific point of the Hitchin base. They prove that the definition
is independent of this choice.
Finally, Section 5 explains how these results yield equivalent ones in the case of
non-parabolic vector bundles.
Acknowledgments. The author would like to thank D. Alfaya, R. Donagi, P.B.
Gothen, T. Hausel, J. Martens, T. Pantev, C. Pauly, C. Simpson, A. Zamora and
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2. Parabolic Higgs bundles
We gather in this section some results that will be useful.
2.1. Parabolic bundles and parabolic Higgs bundles. Let D ⊂ X be a re-
duced divisor of degree d. Let P := {Px : x ∈ D} be a set of parabolic sub-
groups of GL(n,C) indexed by D. Denote by Lx < Px the Levi subgroup, and
let lx := Lie(Lx) < px := Lie(Px) be the respective Lie algebras. We will denote
by O =
∏
x∈DOx an orbit of l :=
∏
x∈D lx by conjugation by L :=
∏
x∈D Lx (so
that Ox is a conjugacy orbit of lx). We define n :=
∏
x∈D nx < p :=
∏
x∈D px the
nilpotent subalgebra.
A quasi-parabolic bundle of flag type type P (note that the rank of the bundle
is determined by P , as the subgroups are taken inside a fixed GL(n,C)) is a pair
E = (E, σ) where E is a rank n vector bundle and σ : E|D −→
∏
x∈D GL(n,C)/Px
is a reduction of the structure group to the given parabolic at each point of D.
Without loss of generality, we will assume that Px is associated to the partition
n =
∑rx
i=1 nx,i, and we will identify σ with a collection of flags {Ex,• : 0 = Ex,0 ⊂
Ex,1 ⊂ · · · ⊂ Ex,rx = Ex : x ∈ D}. Let αx = (αx,1, . . . , αx,rx) be a increasing
rx-uple of negative real numbers, that we may assume to be contained in [−1, 0)
[Si1]. Moreover, since every moduli space is isomorphic to one with rational weights
[MeS, §2], we may take αx,i ∈ Q for all x ∈ D, i = 1, . . . , rx. A parabolic vector
bundle of type (P , α) is a quasi-parabolic vector bundle E of type P together with
the assignation of the numbers αx,i to each step of the flag Ex,i i = 1, . . . , rx.
The assignment of these tuples to a quasi-parabolic bundle E defines a parabolic
structure on it. The parabolic bundle thus defined can be assigned an invariant
called parabolic degree
par−deg(E) := deg(E)−
∑
x∈D
rx∑
i=1
αx,imx,i
where mx,i = dimEx,i/Ex,i−1 are called the multiplicities. The parabolic slope of
E is the invariant
par−µ(E) :=
par−deg(E)
rkE
.
A parabolic vector bundle F of type (P ′, α′) is a parabolic sub-bundle of a parabolic
bundle E of type (P , α) if F is a subbundle of E, P ′x ≤ Px and α
′
x,i ≥ αxi . The
parabolic bundle E is α-semistable if for any proper parabolic sub-bundle F ⊂ E
par−µ(F) ≤ par−µ(E).
Clearly, to elucidate whether a bundle is semistable, it is enough to consider quasi-
parabolic sub-bundles F with minimal compatible weights.
The moduli space N(P , α) of parabolic bundles of fixed degree and type is a
projective variety [MeS, Theorem 4.1.] (in particular, it is separated), possibly
singular, parametrising S-equivalence classes of semistable parabolic bundles (or
equivalently, isomorphism classes of polystable parabolic bundles). Its dimension
is [MeS, Theorem 5.3]
(2.1) dimN(P , α) = (g − 1)n2 + 1 +
1
2
(∑
x∈D
n2 −
rx∑
i=1
m2x,i
)
.
A parabolic Higgs bundle of type (P , α) is a pair (E , ϕ) where E is a parabolic
vector bundle of type (P , α) and ϕ ∈ H0(X,End(E) ⊗K(D)) is a Higgs field pre-
serving the quasi-parabolic structure (namely, the flag at the prescribed points).
Endomorphisms satisfying this condition are called parabolic, and the correspond-
ing sheaf is denoted by ParEnd(E). The subsheaf SParEnd(E) ⊂ ParEnd(E) of
5endomorphisms that induce the zero Higgs field on the graded object is called the
sheaf of strongly parabolic endomorphisms. Note that there are exact sequences
(2.2) 0 −→ ParEnd(E) −→ End(E) −→ gl(n,C)|D|/p −→ 0,
where the rightmost arrow are given by restriction to the divisor D, and
(2.3) 0 −→ SParEnd(E) −→ ParEnd(E) −→ p/n ∼= l −→ 0,
where the rightmost arrow is given by restriction to the divisor D, followed by the
surjection p։ l.
Thus, a parabolic Higgs bundle is a pair (E , ϕ) where E is a parabolic vector
bundle and ϕ ∈ H0(X,ParEnd(E)⊗K(D)). Semistability is defined similarly to the
parabolic case, except that the subsheaves taken into account are those preserved
by the Higgs field. The corresponding moduli space M(P , α) is a quasi-projective
variety [Y, Theorem 2.4.8] of dimension [Y2, Theorem 5.2]
dimM(P , α) = (2g − 2 + d)n2 + 1
where d = degD. See also [T] for strongly parabolic Higgs bundles.
2.2. Poisson structure of the moduli space of Higgs bundles. The moduli
space of Higgs bundles is Poisson with hyperkaehler leaves. Underlying this rich
geometry is the nonabelian Hodge correspondence, a diffeomorphism between three
moduli spaces: the Dolbeault (or Higgs) moduli space, the De Rhammoduli space of
meromorphic connections on (X,D) and the Betti moduli space of representations
of the punctured surface fundamental group. The nonabelian Hodge correspondence
is due to the work of innumerable authors of which we stress in here [Si1, BiBo].
The symplectic geometry of the Betti moduli space has mainly been studied by
Boalch [Bo]. From the Dolbeault point of view, Bottacin [Bt] and Markman [Ma]
studied the symplectic geometry for meromorphic Higgs bundles (see Section 5 for
more details).
Following [LoM, §3.2.4], consider the complex
C• : ParEnd(E)
ad(ϕ)
−→ ParEnd(E)⊗K(D)
whose dual complex reads
C∗• : SParEnd(E)
ad(ϕ)
−→ SParEnd(E)⊗K(D)
by duality of ParEnd(E) and SParEnd(E)(D).
If (E , ϕ) is stable, then the Zariski tangent space is identified with the hyperco-
homology group
T(E,ϕ)M(P , α) = H
1(C•), T
∗
(E,ϕ)M(P , α) = H
1(C∗• ),
hence there is a Poisson map
(2.4) ω(E,ϕ) : T
∗
(E,ϕ)M(P , α) −→ T(E,ϕ)M(P , α)
defined by Serre duality.
More precisely, the deformation space H1(C•) of any parabolic Higgs bundle sits
into an exact sequence
(2.5) 0 −→ H0(C•) −→ H
0(ParEnd(E)) −→ H0(ParEnd(E) ⊗K(D)) −→
H1(C•) −→ H
1(ParEnd(E)) −→ H1(ParEnd(E)⊗K(D)) −→
H2(C•) −→ 0 .
The term H1(ParEnd(E)) is the deformation space of the underlying parabolic
bundle, which is Serre dual to the space of strongly parabolic Higgs fields. This
defines the Poisson map (2.4). In particular, if E is stable
(2.6) TEN(P , α) = H
1(ParEnd(E)).
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The symplectic leaves are determined by the orbits of gr(ϕx) for all x ∈ D,
namely, the endormorphism induced by the Higgs field on the graded vector space
gr(Ex,•) := ⊕
rx
i=1Ex,i/Ex,i−1 at each of the punctures x ∈ D. Let p :=
∏
x∈D px
and let l :=
∏
x∈D lx be its Levi subalgebra (so that gr(ϕx) ∈ lx). There is a short
exact sequence of complexes
0 // SParEnd(E) //
−[ϕ,·]

ParEnd(E) //
[ϕ,·]

l //
[gr(ϕ),·]

0
0 // SParEnd(E)⊗K(D) // ParEnd(E)⊗K(D) // l // 0.
Note that it particular, the left and central columns are the defomation complexes
of the moduli space of strongly parabolic Higgs bundles M(P , α)st and M(P , α)
respectively. Thus, taking hypercohomology of the columns, we get a long exact
sequence:
(2.7) 0 −→ C −→ Ker([gr(ϕ), ·]) −→ T ∗(E,ϕ)M(P , α)
ω
−→ T(E,ϕ)M(P , α) −→ 0.
So the rank of ω is determined by the dimension of the kernel of gr(ϕ). Let O
be a conjugacy orbit in l. Along O the rank of ω is constant. We denote by
M(P , α)O the symplectic leaf associated to the orbit O. We will use the following
special notation for the main leaves under study: the regular nilpotent symplectic
leaf M(P , α)nilp,reg (corresponding to the regular nilpotent orbit), and the strongly
parabolic symplectic leaf M(P , α)st (corresponding to the zero orbit). Likewise, we
define M(P , α)nilp := M(P , α)nilp,reg to be the closure of the regular nilpotent leaf.
Note that M(P , α)st ⊂ M(P , α)nilp is the only closed stratum, contained in the
closure of all the other nilpotent leaves.
Similarly to the case of vector bundles, denoting by N(P , α)s ⊂ N(P , α) the locus
of stable points, the space T ∗N(P , α)s is a dense open subset of M(P , α)st [Y2, Re-
mark 5.1]. In particular, for E ∈ N(P , α) H1(X,ParEnd(E)) = H0(X,ParEnd(E)⊗
K(D))∗ is the deformation space of E , and matches the Zariski tangent space when-
ever E is stable.
The next lemma is a straightforward generalisation of [LoM, Lemma 2.1], so we
omit the proof.
Lemma 2.1. Let s ⊂ l be a nilpotent subalgebra. Let E be an α-stable parabolic
bundle of flag-type P, and ParEnd(E)s ⊂ ParEnd(E) be the subsheaf defined by the
exat sequence
0 −→ ParEnd(E)s −→ ParEnd(E) −→ l/s −→ 0,
where ParEnd(E) −→ l/s is the composition of the restriction ParEnd(E) −→ p
ϕ 7→ ϕ|D, and the quotients p։ l։ l/s. Then H0(ParEnd(E)s) = 0.
Moreover, H0(ParEnd(E)) ∼= C.
2.3. The Hitchin map. The Hitchin map
(2.8) hP,α : M(P , α) −→ HD :=
⊕
H0(X,Ki(iD))
assigns to each Higgs bundle the characteristic polynomial of the Higgs field. This
is a projective map [Y, Corollary 5.12]. In particular, it is proper and of finite type.
Logares–Martens studied the complete integrability of the restriction of (2.8)
to the generic symplectic leaves. These correspond to semisimple regular orbits
(see [LoM, §3.2.4]). However, many of their arguments extend verbatim to the
non-semisimple regular orbits, and we will mention this when needed. Baraglia–
Kamgarpour extended the study of the integrable system to strongly parabolic
bundles [BK]. See also [SWW] for proofs in arbitrary characteristic.
72.4. C×-action. By [Si1, §8], there is a action of C∗ on M(P , α) given by multi-
plying the Higgs field by scalars
λ · (E , ϕ) 7→ (E , λ · ϕ).
The Hitchin map is C×-equivariant for this action and a suitable weighted action
on HD (with weights given by the degrees of the generators of the ring of invariants
C[gln(C)]
GL(n,C)). By properness of the Hitchin map, the limits
lim
λ→0
λ · (E , ϕ)
exist and belong to the nilpotent cone h−1P,α(0), as so do the limits
lim
t→∞
t · (E , ϕ)
when ϕ is nilpotent.
Since nilpotency along D is preserved by the C×-action, M(P , α)nilp is C×-
invariant. On the other hand, h−1P,α(0) ⊂M(P , α)nilp, so that studying the nilpotent
cone for M(P , α) amounts to studying it for M(P , α)nilp. Since the divisor D is
assumed to be reduced, it follows from [Si1, Theorem 8] that fixed points for the
C×-action have underlying parabolic bundle of the form E = (
⊕s
p=1E
p, σ), with
Ep the eigenspace of the automorphism of E swapping ϕ and tϕ [Si2, Lemma 4.1].
In turn, σ preserves the structure of a system of Hodge bundles (i.e., letting np =
rk(Ep), n = (n1, . . . , ns) be the corresponding partition and Pn be the associated
parabolic, then Pnp < Px, so that σ induces a GL(np,C)-equivariant morphism
σ : Epx → GL(np,C)/Pp,x). The fact that ϕ : E
p −→ Ep−1 ⊗ K(D) follows from
the definition of the eigenspaces.
Remark 2.2. In particular, if (E , ϕ) is fixed for the C×-action, there exists a refine-
ment of the flags such that (E , ϕ) becomes strongly parabolic with respect to the
latter. This is a general fact for nilpotent quasi-parabolic bundles (see the proof
of Proposition 3.12), but fixed point have a preferred refinement preserving the
structure of a system of Hodge bundles.
2.5. Strongly parabolic bundles as bundles on orbicurves. When α is com-
posed entirely by rational elements, the stack of strongly parabolic Higgs bundles is
isomorphic to a stack of bundles (respectively Higgs bundles) on orbicurves [Bs, G]
whose orbifold structure is determined by the weights. A good summary is found
in [DP2, §5.4].
2.6. Universal bundles and locally universal bundles. Yokogawa proved that
M(P , α) is an open subset of a good quotient of a projective scheme by PGL(N) [Y,
Theorem 4.6], with stable locus M(P , α)s contained in the corresponding geometric
quotient, giving the smooth points [Y2, Theorem 5.2]. As an open subset M(P , α)s
containts the moduli space M(P , α)0 of parabolic Higgs bundles with underlying
stable parabolic bundle. The inclusion is strict by [BdY, Claim 3.2 (i)] (see also
Remark 4.1): even for non generic weights there are more stable pairs than those
in M(P , α)0. By [Y2, Remark 5.1], e´tale locally over M(P , α)0 there is a universal
bundle. The action of the center of GL(N) is non trivial [BdY, page 464], and
therefore the bundle does in general not descend. It only descends to M(P , α)0
when the parabolic weights are generic [BdY, Proposition 3.2]. However, regardless
of the weights, points of M(P , α)0 always have an e´tale neighbourhood admitting
a universal bundle [Bh, page 16], [BdY, page 464]. The same holds for N(P , α)s.
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3. Parabolic bundles and very stability
3.1. Criteria for very stability. In this section we prove a criterion for very
stability of parabolic bundles via the Hitchin map.
Let us start by recalling [Z, Lemma 1.3] which plays a fundamental role in our
proof:
Lemma 3.1. [Z, Lemma 1.3] Let f = (f1, . . . , fn) : Am −→ An be a morphism
given by homogeneous polynomials. Then, if f−1(0) = 0, f is finite.
Given a quasi-parabolic bundle E , we denote VE := H0(X,ParEnd(E)⊗K(D)).
For each conjugacy orbit O =
∏
x∈DOx of
∏
x∈D lx (where lx < px is the Levi
subalgebra), denote by VE,O the subset of VE corresponding to Higgs fields with
gr(ϕx) ∈ Ox. When O = 0, we will denote VE,O by VE,st = H0(X, SParEnd(E) ⊗
K(D)), and if O = Orn is the regular nilpotent orbit, then the closure of VE,O in
VE is denoted by VE,nilp. This is the set of nilpotent Higgs fields.
Remark 3.2. If E is α-stable, then VE ⊂ M(P , α), VE,O = VE ∩ M(P , α)O, and
VE,nilp = VE ∩M(P , α)nilp, but the definition of these objects is independent of the
stability parameter.
Definition 3.3. A quasi-parabolic bundle E = (E, {Ex,• : x ∈ D}) is called very
stable if it has no non-zero nilpotent parabolic Higgs field ϕ ∈ VE . It is called
strongly very stable if and only if it has no non-zero strongly parabolic nilpotent
Higgs field.
An α-stable bundle that is not (strongly) very stable is called (strongly) wobbly.
Let Wo ⊂ N(P , α) (respectively Wost ⊂ N(P , α)) denote the wobbly locus (resp. the
strong wobbly locus).
Remark 3.4. (1) Although the definition of (strong) very stability only depends
on the quasi-parabolic structure, for evey assignment of a parabolic struc-
ture (P , α), very stable bundles are α-stable (see Lemma 3.5 and Remark
3.6).
(2) Note that E is very stable if and only if there is no Higgs field with nilpotent
residue along the flag other than zero.
(3) Very stable parabolic bundles are strongly very stable.
When the weights are rational, as observed in Section 2.5, the tools developed in
[L] are available to analyse the moduli space of strongly nilpotent Higgs bundles.
In fact, one may prove the following.
Lemma 3.5. Let E be parabolic of type (P , α). If it is strongly very stable, then it
is α-stable. In particular, if it is very stable, then it is α-stable.
Proof. By assigning rational weights α, strongly very stable parabolic bundles can
be seen as very stable bundles on an orbifold curve, and so they are α-stable by
[L, Proposition 3.5]. Stability of very stable bundles follows from the above and
Remark 3.4 (3). 
Remark 3.6. Note that the proof of Lemma 3.5 uses the identification of parabolic
bundles with bundles on orbicurves, and this requires the assignment of weights.
However, since the definition of (strong) very stability is independent of α (cf.
Remark 3.4), from Lemma 3.5 we deduce the existence of a common subset to all
N(P , α), namely, the set of very stable bundles E . The corresponding wobbly locus,
however, depends on the stability parameter α.
9Proposition 3.7. Let E ∈ N(P , α) be stable. Let (E , ϕ) ∈ M(P , α), let VE,st be the
space of strongly parabolic Higgs fields on E, and let hE,st := hP,α|VE,st . Then:
E is strongly very stable ⇐⇒ hE,st is finite
⇐⇒ hE,st is quasi-finite
⇐⇒ hE,st is proper
⇐⇒ VE,st →֒ M(P , α) is proper.
Proof. The fact that very stability implies finiteness follows from affineness of VE,st
and Lemma 3.1.
To see the other implications, we need to work some more. Let Hst ⊂ HD be
the image of M(P , α)st under hP,α. By [BK, Theorem 36], Hst ⊂ HD is an affine
subspace of dimension dimHst = dimN(P , α).
Also by [MeS, Theorem 5.3], dimN(P , α) = dimH0(X, SParEnd(E)⊗K(D))
whenever E is stable.
Now, finiteness implies properness and quasi-finiteness. Also, by the above dis-
cussion hE,st is a map of finite type of affine spaces of the same dimension, hence
properness implies quasi-finiteness and hence also finiteness.
Regarding the equivalence of quasi-finiteness and finiteness, quasi-finiteness im-
plies very stability (and thus finiteness) as the existence of a non-zero nilpotent
Higgs field ϕ on E would automatically produce a one dimensional subspace in
h−1E,st(0) (this requires the stability hypothesis on E to make sure none of the Higgs
fields in the line C× · ϕ are identified).
Finally, the equivalence between properness of VE,st →֒ M(P , α) and properness
of hE,st is a consequence of the valuative criterion for properness (this is exactly
the proof of [PaPe, Proposition 2.2]). 
The following result was observed in [FGOP, Corollary 7.3], and extends verba-
tim to the current context.
Corollary 3.8. Let M(P , α)st denote the strongly parabolic symplectic leaf, and let
hP,α,st := hP,α|M(P,α)st . If E is strongly very stable, then VE,st is a Lagrangian
multisection of hP,α,st.
Proof. Since the only deformations along VE,st concern the Higgs field (see Section
2.2), VE,st is clearly isotropic.
By Lemma 3.5, E is stable, and so from (2.6) and Serre duality TEN(P , α) =
H0(X, SParEnd(E) ⊗K(D))∗. Thus, dimVE,st = dimN(P , α)s ⊂ M(P , α)st. But
T ∗N(P , α) ⊂ M(P , α)st is dense, so it follows that dimVE,st = dimN(P , α) =
1
2 dimM(P , α)st, and so VE,st is maximal dimensional.
Finally, Im(hP,α,st) has the same dimension, and is affine by [BK, Theorem 36].
This, together with properness, yields that hE,st is onto, whence the result. 
Remark 3.9. Note that the stability assumptions in Proposition 3.7 and Proposition
3.13 may be dropped in one direction by Lemma 3.5.
Let
(3.1) hE,nilp : VE,nilp −→ HD
be the restriction of the Hitchin map to the vector space VE,nilp := H
0(X,ParEnd(E)⊗
K(D))nilp of Higgs fields on E with nilpotent residue along the flag. In order to
prove the equivalent to Proposition 3.7 in this setup, let us start by two preliminary
results about VE,nilp.
Lemma 3.10. Let E be a stable parabolic bundle, and let (F , ψ) ∈ VE,nilp \VE,nilp
or (F , ψ) ∈ VE \VE . Then
(1) F is unstable.
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(2) VE,nilp \VE,nilp 6= ∅ ⇐⇒ VE \VE 6= ∅.
Proof. By [SP, Tag 0A24], given (F , ψ) ∈ VE,nilp \ VE,nilp, there exists a discrete
valuation ring R and a morphism
ιF : C := Spec(R) −→ M(P , α)
such that the generic point Spec(k) (where k is the fraction field of R) maps
to VE,nilp, while the closed point o goes to (F , ψ) ∈ VE,nilp \ VE,nilp. Since
M(P , α)nilp ⊂ M(P , α) is closed, then VE,nilp \ VE,nilp ⊂ M(P , α) \ VE , namely, it
must be F 6= E . So it is enough to prove the statement for (F , ψ) ∈ VE .
If F were semistable, composing with r would yield
r ◦ ιF : C := Spec(R) −→ N(P , α)
non constant, extending the constant map E : Spec(k) −→ N(P , α), thus violating
separatedness of N(P , α) [MeS, Theorem 4.1]. This proves (1).
For (2), note that VE,nilp \ VE,nilp ⊂ VE \ VE (by (1), or simply closedness of
M(P , α)nilp). So it is enough to prove the converse.
Let (F , ψ) ∈ VE \ VE . Then, by equivariance of the Hitchin map (F0, ψ0) :=
limt→0 t · (F , ψ) ∈ h
−1
P,α(0) ∩ VE ⊂M(P , α)nilp ∩ VE = VE,nilp. 
Remark 3.11. The above proof translates essentially verbatim to the simplest non
parabolic vector bundle setup, and corrects a mistake in the proof of [PaPe, Propo-
sition 2.3]. Indeed, the e´tale local family considered therein may not exist away
from T ∗Ns(n, d). Thanks to T. Hausel for pointing this error out to us.
The following adapts [BK, Theorem 36] to general nilpotent Higgs fields.
Proposition 3.12. Let E be a stable parabolic bundle. Then, the image under the
Hitchin map hP,α of VE,nilp is contained in an affine space of the same dimension.
Proof. First note, that VE,nilp = M(P , α)O ∩ VE for some nilpotent orbit O such
that VE,O := M(P , α)O ∩ VE 6= ∅. Indeed, take a maximal dimensional orbit
satisfying VE,O 6= ∅ . If VE,nilp 6= M(P , α)O ∩ VE , then there exists another
nilpotent orbit O′ with VE,O′ 6= ∅ and VE,O′ 6⊂ VE,O. By affineness of VE , then
VE,O + VE,O′ ⊂ VE,nilp. Now, using the Jordan block form, we see that either
O′ ⊂ O or there is an element in VE,O + VE,O′ belonging to a higher dimensional
orbit, which contradicts our choice of O. By irreducibility of VE,nilp, we may
conclude that VE,nilp = M(P , α)O ∩ VE .
Since VE,nilp ∼= Ad is irreducible, the closure of VE,O inside VE must be all of
VE,nilp. Now, for some refinement P ′ < P , the orbit O intersects l :=
∏
x∈D l
′
x
(where l′x is the Levi subalgebra of p
′
x = Lie(P
′
x)) at 0. For example, taking P
′
determined by the iterated kernels of ϕx ∈ O, then P ′ satisfies the property and
moreover, it is maximal for it (namely, whenever P is another refinement with ϕ
lifting to a strongly nilpotent field preserving a flag of type P , then P < P ′).
Let p′x = l
′
x ⊕ n
′
x, and let O :=
∏
x∈D n
′
x ∩ lx. Define ParEnd(E)O ⊂ ParEnd(E)
via the following exact sequence:
0 −→ ParEnd(E)O −→ ParEnd(E) −→ l/O −→ 0,
where the rightmost arrow is the composition of ParEnd(E)։ p։ l։ l/O.
Now, let E ′ denote the quasi-parabolic bundle of type P ′ induced by the existence
of some Higgs field in VE,nilp with residue in O. Note that the existence of the exact
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commutative diagram:
SParEnd(E ′) 

//
 _

ParEnd(E ′)
 _

// // l′  _

ParEnd(E)O
  // ParEnd(E)

// // l/O

p/p′ ∼=
// l/p′ ∩ l.
implies that
(3.2) ParEnd(E)O ∼= SParEnd(E
′).
Note that VE,O ⊂ H0(ParEnd(E)O ⊗ K(D)) ⊂ VE,nilp, thus, by affiness of the
last two subspaces and euality of the dimensions of VE,O and VE,nilp, the second
inclusion must be an equality and so dimH0(ParEnd(E)O ⊗K(D)) = dimVE,nilp.
Now, by stablity of E and Lemma 2.1, we have that H0(ParEnd(E)O) = 0 =
H0(SParEnd(E ′)). A simple computation using (2.3) shows that this implies that
dimH0(SParEnd(E ′)⊗K(D)) = dimN(P ′, α′) (for a generic α′). Note that this is
independent of the existence of a parameter α′ turning E ′ into a stable parabolic
bundle. It then follows form the above and (3.2) that
(3.3) dimVE,nilp = dimH
0(SParEnd(E ′)⊗K(D)) = dimN(P ′, α′)
for a suitable α′.
LetM(P) be the moduli stack of Higgs bundles on X of flag type P . The Hitchin
map
hP :M(P) −→ HD
is defined in the same way. Moreover, there is a morphism M(P ′) −→ M(P)
making the following diagram commute:
(3.4) M(P ′)
p

hP′
##●
●●
●●
●●
●●
M(P)
hP
// HD.
In particular hP,α(VE,O) ⊂ Im(hP′,st) ⊂ Im(hP,st) which is affine of dimension
equal to dimVE,O by [BK, Theorem 36] and (3.3). 
Proposition 3.13. Let E be stable, and let VE,nilp and hE,nilp be as in (3.1). Then,
E is very stable ⇐⇒ hE,nilp is finite
⇐⇒ hE,nilp is quasi-finite
⇐⇒ hE,nilp is proper
⇐⇒ VE,nilp →֒ M(P , α) is proper
⇐⇒ hE is proper
⇐⇒ VE →֒ M(P , α) is proper.
Proof. The equivalence between properness of VE,nilp and VE follows from Lemma
3.10. The equivalence between properness of hE,nilp (resp. hE) and properness of
VE,nilp (resp. VE) is a consequence of the valuative criterion for properness. Thus
it is enough to prove all the other equivalences.
The implication that very stable implies finite follows from Lemma 3.1.
To prove the remaining equivalences, we note that it is enough to check the
equivalence of finiteness and properness. Indeed, quasi-finiteness automatically im-
plies very stability, as the existence of a nilpotent Higgs field implies the existence of
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a line of nilpotent Higgs fields, and hence quasi-finiteness is equivalent to finiteness
by the first equivalence.
Now, since finiteness implies properness, it is enough to check that properness
implies finiteness, for which given that the Hitchin map is of finite type, it is enough
to check that fibers are finite dimensional. This follows from Propostion 3.12. 
The equivalent of Corollary 3.8 follows from Propositions 3.12 and 3.13:
Corollary 3.14. Let E be very stable, and let O be a nilpotent orbit such that
VE,O 6= ∅ is maximal dimensional inside VE,nilp. Then, VE,nilp is the closure of a
Lagrangian multisection of the restriction of hP,α to M(P , α)O.
Proof. By Propositions 3.12 and 3.13, together with isotropicity of VE,O (see Sec-
tion 2.2), all we need to check is that:
dimVE,O =
1
2
dimM(P , α)O.
By (2.7), the rank of ω at (E , ϕ) when ϕ|D ∈ O is
rk(ω) = dimM(P , α)− dim z(gr(ϕ)) + 1.
Thus, taking l′ as in the proof of Proposition 3.12, we have that Ker[gr(ϕ), ·] ∼= l′,
hence
rk(ω) = 2(g − 1)n2 + 2 +
∑
x∈D
n2 − dim l′x = 2(dimVE,O),
where the last equality follows from (2.1) and (3.3). 
3.2. Strongly wobbly bundles and the nilpotent cone. In this section we
describe strong wobbliness in terms of the geometry of the nilpotent cone.
Let Ci ⊂ h
−1
P,α,st(0), i ∈ I denote the irreducible components of the strongly par-
abolic nilpotent cone. By [L, Proposition 3.8] one of them coincides with N(P , α),
say C0 = N(P , α), under the map E 7→ (E , 0) for E ∈ N(P , α). Let Cs0 denote
the interseccion of C0 and the image of stable locus N(P , α)s ⊂ N(P , α) under the
aforementioned map.
Lemma 3.15. The strong wobbly locus of N(P , α) is the intersection Wost :=⋃
i6=0 Ci ∩ C
s
0 .
Proof. The inclusion ⊂ is clear, as if E ∈ Wo, let ϕ be a strongly parabolic Higgs
field on E , then (E , ϕ) ∈ Ci for some i 6= 0. Hence (E , 0) = limt→0(E, tϕ) ∈ Ci ∩Cs0
for some i 6= 0.
For the converse, assume (E , 0) ∈ Ci ∩ Cs0 . Then (E , 0) is a boundary point
of Csi ∩M(P , α)
0 inside M(P , α)0. So by [PaPe, Lemma 2.4], and stability of E ,
we may find a smooth curve ψ : Z −→ Csi such that ψ (Z \ {z0}) ⊂ C
s
i \ ∂Ci
and ψ(z0) = (E , 0). Now, by stability, one may consider the e´tale local family
(E,Φ) (whose existence follows from Luna’s slice theorem together with Lemma
2.1 and the arguments in Section 2.6). If E were strongly very stable, the generic
point of this family would have to be very stable (by openness of very stability [L,
Proposition 3.5]), contradicting the fact that (E,Φ)z ∈ Ci \ C0 for z 6= z0. 
3.3. Wobbly and shaky bundles. By openness of semistability and irreducibility
of M(P , α), there exists a rational map
r : M(P , α) //❴❴❴ N(P , α)
given by forgetting the Higgs field, which is a morphism over the stable locus.
Definition 3.16. A stable bundle E such that hE : r−1(E) = VE −→ HD is not
proper is called shaky. It is called strongly shaky if hE,st : r
−1(E)∩M(P , α)st −→ HD
is not proper.
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An immediate consequence of Propositions 3.7 and 3.13 is the following.
Corollary 3.17. There is an equality between the wobbly locus and the shaky locus.
The same holds for the strongly wobbly and the strongly shaky loci.
4. Wobbly loci and resolutions. The regular case
In this section we will assume that the parabolic weights are generic. In particular
M(P , α) is smooth, so that all semistable parabolic (Higgs) bundles are stable;
moreover, over the open subset M(P , α)0 ⊂ M(P , α) of pairs with underlying stable
parabolic bundle there exists a universal bundle (see Section 2.6).
Recall the rational map from Section 3.3
(4.1) r : M(P , α) //❴❴❴ N(P , α)
given by forgetting the Higgs field. Note that (4.1) restricts to rational maps
(4.2) rn : M(P , α)nilp //❴❴❴ N(P , α) ,
(4.3) rs : M(P , α)st //❴❴❴ N(P , α) .
All the rational maps above are surjective, as by stability there is an embed-
ding N(P , α) →֒ M(P , α)st given by E 7→ (E , 0), which is in fact the composition
N(P , α) →֒ T ∗N(P , α) →֒ M(P , α)st of the zero section and the natural embedding.
Let Un ⊂ M(P , α) be the subset given by semistable parabolic Higgs bun-
dles with unstable underlying parabolic bundle. We denote by Unnilp := Un ∩
M(P , α)nilp and Unst := Un ∩M(P , α)st.
Remark 4.1. Non emptyness of Unst (and thus of Unnilp and Un) follows, e.g.,
from the fact that the strongly parabolic nilpotent cone is not irreducible by [L]
(cf. Section 2.5). Indeed, by [Si1, §8], given (E , ϕ) ∈ hst
−1
(0), then limt→∞ t ·(E , ϕ)
exists and is a fixed point for the C×-action, hence inside h−1(0). Since taking limits
at 0 and ∞ defines Zariski locally trivial affine fibrations with strata of half the
dimension, limits at ∞ must have unstable underlying bundle (this argument is
found in [He, §1.1]).
Remark 4.2. In the non parabolic case, letting M denote the moduli space of Higgs
bundles and N that of vector bundles, there is an equality Un := M \ T ∗N. This
is not the case here, as T ∗N consists exclusively of strongly parabolic bundles [Y2,
Remark 5.1]. When P consists only of Borel subgroups, then Unnilp := M(P , α)nilp\
T ∗N(P , α).
Given the smoothness assumption, Hironaka’s results on the resolution of singu-
larities [Hi] ensure that a finite number of blowups resolve the morphism (4.1) (see
the discussion following [Hi, Question E]), which yields
(4.4) M̂(P , α)
rˆ
%%❏
❏❏
❏❏
❏❏
❏❏
❏
pi

M(P , α)
r //❴❴❴ N(P , α)
Let Ex = π−1(Un) be the exceptional divisor of M̂(P , α). Then, since M(P , α)st
and M(P , α)nilp are closed, it follows from [H, Corollary II.7.15] that M̂(P , α)nilp :=
M̂(P , α)×M(P,α)M(P , α)nilp and M̂(P , α)st := M̂(P , α)×M(P,α)M(P , α)st are closed
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subschemes of M̂(P , α) consisting of a finite number of blowups along Unnilp and
Unst respectively. Hence we have resolutions
(4.5) M̂(P , α)nilp
rˆn
&&▲
▲▲
▲▲
▲▲
▲▲
▲▲
pin

M(P , α)nilp rn
//❴❴❴ N(P , α),
(4.6) M̂(P , α)st
rˆs
%%▲
▲▲
▲▲
▲▲
▲▲
▲
pis

M(P , α)st rs
//❴❴❴ N(P , α).
In particular, the exceptional divisors Exnilp := π
−1
n (Unnilp) and Exst := π
−1
s (Unst)
satisfy Exnilp = Ex ∩ M̂(P , α)nilp and Exst = Ex ∩ M̂(P , α)st.
Definition 4.3. Denote by Sh (resp. Shnilp and Shst) the image under rˆ (resp.
rˆn and rˆs) of the exceptional divisor Ex = π
−1(Un) ⊂ M̂(P , α) (resp. Exnilp and
Exst).
Remark 4.4. The notation stands, of course, for shaky, as the equality of Sh and
the wobbly locus will follow from shakiness of wobbly bundles.
Theorem 4.5. There is an equality Wo = Shnilp = Sh, where Wo ⊂ N(P , α)
denotes the wobbly locus, namely, those stable bundles with a non-zero parabolic
nilpotent Higgs field.
Similarly, the strong wobbly locus Wost satisfies Wost = Shst.
Proof. We will prove that Wo ⊂ Shnilp and that Sh ⊂Wo. This proves the state-
ment, as Shnilp ⊂ Sh.
Let us first check that Wo ⊂ Shnilp. By Proposition 3.13, if E ∈ Wo, then
VE,nilp ⊂ M(P , α) is not proper. So there exists a discrete valuation ring R and a
morphism
ιF : C := Spec(R) −→ M(P , α)
such that the generic point Spec(k) (where k is the fraction field of R) maps to VE
while the closed point o goes to (F , ψ) ∈ VE,nilp \VE,nilp (cf. [SP, Tag 0A24]). By
Lemma 3.10, F is unstable.
Now, ιF (C \ {o}) = ιF (Spec(k)) can be seen as a subset of M̂(P , α)nilp. More
precisely, there is a commutative diagram
Spec(k)

// M̂(P , α)nilp
pin

Spec(R)
ι
//
ιˆ
88q
q
q
q
q
M(P , α)nilp.
Properness of πn implies that ιˆ exists. Clearly, ιˆ(o) belongs to Exnilp, and so
rˆn(ιˆ(o)) ∈ Shnilp. Consider the curve
rˆn ◦ ιˆ : C −→ N(P , α).
Since ι(C \ {o}) ⊂ VE , then rˆn ◦ ιˆ(C \ {o}) = {E}. Separability of N(P , α) implies
that rˆn ◦ ιˆ(o) = E , and hence E ∈ Shnilp.
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For the converse: let s ∈ Sh. Then, for some S ∈ Ex ⊂ M̂(P , α), s = rˆ(S). By
[PaPe, Lemma 2.4], one may find a smooth curve Y and a morphism
j : Y // M̂(P , α)
y ✤ // (Ey, ϕy)
such that j(Y \ {y0}) ⊂M(P , α) \Un, and j(y0) = S. Therefore
(4.7) rˆ ◦ j(Y \ {y0}) ⊂ N(P , α) \ Sh, rˆ ◦ j(y0) = s.
Consider now the rational map
C× Y
m //❴❴❴ M(P , α)
(t, y)
✤ // t · π ◦ j(y)
defined away from (0, y0). Note that
(1) m(t, Y \ {y0}) ⊂ M(P , α) \ Un, as t · (π ◦ j(y)) = (Ey, tϕy), for all y 6= y0,
where (Ey, ϕy) := π ◦ j(y)).
(2) This implies r(m(t, y)) = r(m(0, y)) = rˆ ◦ j(y) for all t ∈ C and all y 6= y0.
Now, by properness of N(P , α), it follows that r ◦ m(y0) exists. By (1) above,
separatedness of N(P , α), and commutativity of (4.4), r ◦m(y0) = s.
Moreover, by (2), m(t, y0) ∈ Un for all t 6= 0. Let (F0, ψ0) = limt→0m(t, y0).
Assume that F0 were semistable. Then, so would be the bundle underlying m(t, y0)
for generic t ∈ A1 for generic t [Y, Proposition 1.11]. But m(t, y0) = (F , t · ψ)
has underlying unstable bundle, which yields a contradiction. Thus, it must be
(F0, ψ0) ∈ Un.
Now, a finite number of blowups allows to resolve the morphism m [Hi], yielding
mˆ : Ĉ× Y −→ M(P , α).
The exceptional divisor over (0, y0) is a union of projective lines containing a curve
joining (F0, ψ0) and (E , 0) and contained inside M(P , α)nilp (as it is contained in
h−1P,α(0) ⊂ M(P , α)nilp). An irreducible component I of the exceptional divisor of
Ĉ× Y must therefore intersect N(P , α) at (E , 0), but also h−1(0) \ N(P , α). We
claim that I ∩ N(P , α) ⊂Wo. Indeed, otherwise, it would intersect the very stable
locus (as there are no strictly semistable bundles). These are strongly very stable,
which are a dense open set in N(P , α) by [L, Proposition 3.5]. Moreover, since
I ∩M(P , α)0 is non empty, then it is dense, so one may conclude that bundles in I
with underlying strongly very stable bundle are dense. Thus, by irreducibility of I,
it would be I ⊂ N(P , α), contradicting the fact that I intersects the complement
of N(P , α). In particular, s ∈ I ∩ N(P , α) ⊂Wo.
To see that Wost = Shst, we note that the arguments adapt verbatim if we work
in the strong nilpotent leaf. 
Remark 4.6. When the moduli space M(P , α) is not smooth, Hironaka does not
apply to the full moduli space. It however does to the reduced schemes underlying
all Hitchin fibers. So working the equivalent to Theorem 4.5 out requires a finer
study of the Hitchin fibration, and the dependence of shakiness on the characteristic.
Moreover, in order to compare all loci involved, strictly semitable points need to
be tracked and discarded.
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5. Non-parabolic Higgs pairs
This section shows that the results in the parabolic setup imply equivalent ones
in the usual (non parabolic) setup.
Definition 5.1. Let D ⊂ X be a reduced divisor, possibly zero. A D-twisted Higgs
pair is (E,ϕ) where E is a vector bundle and ϕ ∈ H0(X,End(E)⊗K(D)).
The moduli space MD(n, d) of D-twisted Higgs pairs of rank n and degree d is
a quasi-projective variety [N]. It is Poisson, with symplectic leaves given by the
orbits of the residue of the Higgs field along the divisor [Ma, Corollary 8.10], [Bt,
Theorem 4.7.5 ]. Let N(n, d) denote the moduli space of vector bundles of rank n
and degree d.
Definition 5.2. A bundle E is called D-very stable if it has no D-twisted nilpotent
Higgs field. If D = 0, we just say that E is very stable. The complement of the
D-very stable locus ND−vs(n, d) inside the stable locus Ns(n, d) ⊂ N(n, d) is called
the D-wobbly locus and denoted by WD.
From Lemma 3.5 D-very stable bundles are stable. As a corollary to Proposition
3.7 we obtain:
Corollary 5.3. Let E be a stable vector bundle. Let D ⊂ X be a reduced divisor,
possibly zero, and let VE,D := H
0(X,End(E)⊗K(D)), VE,D,n := H0(X,End(E)⊗
K(D))nilp. Consider the restrictions of the Hitchin map hE,D := h|VE,D and
hE,D,n := h|VE,D,n . Then:
E is D-very stable ⇐⇒ hE,D,n is finite
⇐⇒ hE,D,n is quasi-finite
⇐⇒ hE,D,n is proper
⇐⇒ hE,D is proper .
Proof. Take P = {GL(n,C) : x ∈ D}, so that all flags are trivial. In that case
strong very stability of a quasi-parabolic bundle E = (E, σ) of type P is equivalent to
E being 0-very stable, while very stability of E is D-very stability of E. Indeed, this
follows easily from the fact that H0(X,ParEnd(E)⊗K(D))nilp = H0(X,End(E)⊗
K(D))nilp ⊃ H0(X,End(E)⊗K) = H0(X, SParEnd(E)⊗K(D)) and preservation
of nilpotency under inclusion given the existence of a commutative diagram
H0(X,End(E)⊗K) 

//
h

H0(X,ParEnd(E)⊗K(D))nilp
hE,nilp

H0
  // HD
.
Taking α = 0, we note that the moduli spaces N(P , 0) and M(P , 0)st are respec-
tively isomorphic to the moduli spaces of vector bundles N(n, d) (where d equals
the parabolic degree) and the moduli space of Higgs bundles M(n, d). Likewise
M(P , 0)nilp ∼= MD(n, d)nilp.
Thus, the statement follows from Proposition 3.7 forD = 0 and from Proposition
3.13 for D 6= 0. 
Remark 5.4. When D = 0, Corollary 5.3 is [PaPe, Theorem 1.1].
Denote by N(n, d)D−vs the D-very stable locus, and let WD := N(n, d)
s \
N(n, d)D−vs be the D-wobbly locus. From Lemma 3.15, making α = 0, one gets
Corollary 5.5. Let Ci i ∈ I be the irreducible components of the nilpotent cone of
M(n, d), with C0 = N(n, d). Then, W0 =
⋃
i∈I\0 Ci ∩ C
s
0 .
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Likewise, rˆs and rˆn in (4.5) and (4.6) provide resolutions (when (n, d) = 1) of
the rational maps
(5.1) r0 : M(n, d) //❴❴❴ N(n, d) rD : MD(n, d)nilp //❴❴❴ N(n, d) .
Then, Shst and Shnilp from Definition 4.3 are identified with certain loci N(n, d)
that we will denote by S0 and SD, image of the exceptional divisors over the loci
Un0 ⊂M(n, d) andUnD ⊂MD(n, d)nilp of Higgs bundles with underlying unstable
bundle.
Finally, we also obtain the equivalent of Theorem 4.5. Assume that (n, d) = 1
(equivalently, the weight 0 is generic).
Theorem 5.6. There are equalities WD = SD.
Remark 5.7. Strictly speaking, from Theorem 4.5, one can deduce that for any
resolution of the rational map (4.3) and (4.2) obtained by restricting a resolution of
(4.1), the corresponding strongly shaky locus equals the strongly wobbly locus. We
note that since we are only concerned with the images of the exceptional divisors,
the same result will hold if instead of a restriction one considers arbitrary resolutions
of (4.2) and (4.3) by successive blowups along UnD.
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